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Boyer–Moore majority vote algorithm

/** 
 * Changes most to be a potential majority element. 
 * Returns true if most is a majority element, 
 * otherwise returns false. 
 * The .size() of the data vector must be at least 1. 
 */ 
template <typename T> 
bool mooresVoting(const vector<T> &data, T &most) { 
    // TODO 
}



Binomial coefficient
Implement binomial, a function that computes the Binomial 
coefficient of n and k. 

uint64_t binomial(int n, int k); 

(n
k) = n!

k !(n − k)!
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Asymptotics



Asymptotic complexity
Big O 
O(f(n))

Big Omega 
Ω(f(n))

Big Theta 
Θ(f(n))

Informal meaning
Order of growth is 

less than or equal to 
f(n)

Order of growth is 
greater than or 

equal to f(n)

Order of growth is 
f(n)

Example family O(N2) Ω(N2) Θ(N2)

Family members
N2 / 2 

2N2 + 1 
log(N)

N2 / 2 
2N2 + 1 

eN

N2 / 2 
2N2 + 1 

N2 + 183N + 5



Growth complexity
Order from most to least efficient:

O(n) O(n!) O(nn) O(n2)

O(n3)

O(2n)

O(1)O(log n) O(sqrt(n))

O(n2 log n) O(n log n)O(3n)



Growth complexity
Order from most to least efficient:

O(n)

O(n!) O(nn)

O(n2)

O(n3) O(2n)

O(1) O(log n) O(sqrt(n))

O(n2 log n)O(n log n)

O(3n)

⊂ ⊂ ⊂ ⊂

⊂ ⊂ ⊂

⊂⊂⊂⊂



Let R(N) be the runtime of this code as a function of N. 

bool hasDuplicates(const int numbers[], int size) { 
    for (int i = 0; i < size; i += 1) { 
        for (int j = i + 1; j < size; j += 1) { 
            if (numbers[i] == numbers[j]) { 
                return true; 
            } 
        } 
    } 
    return false; 
} 

What is the order of growth of R(N)? 

A. R(N) ∈ Θ(1). C. R(N) ∈ Θ(N2).  
B. R(N) ∈ Θ(N).  D. Something else





Find a simple f(N) such that the runtime R(N) ∈ Θ(f(N)) in the 
worst case. 

bool hasDuplicates(const int numbers[], int size) { 
    for (int i = 0; i < size; i += 1) { 
        for (int j = i + 1; j < size; j += 1) { 
            if (numbers[i] == numbers[j]) { 
                return true; 
            } 
        } 
    } 
    return false; 
}





Best, average, worst
Best case 

Average case 

Worst case 

Always





Give the worst-case and best-case runtime in terms of N and M. 
Assume that mysteryFunc executes in constant time and 
returns a value of type int. 

int j = 0; 
for (int i = N; i > 0; i -= 1) { 
    for (; j < M; j += 1) { 
        if (mysteryFunc(i, j) > 0) { 
            break; 
        } 
    } 
}





Find a simple f(N) such that the runtime R(N) ∈ Θ(f(N)). 

void printHello(int n) { 
    for (int i = 1; i <= n; i *= 2) { 
        for (int j = 0; j < i; j += 1) { 
            cout << "hello" << endl; 
        } 
    } 
} 

A. 1 C. n E. n2 

B. log n D. n log n F. Something else
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Find a simple f(N) such that the runtime R(N) ∈ Θ(f(N)). 

void printHello(int n) { 
    for (int i = 1; i <= n; i *= 2) { 
        for (int j = 0; j < i; j += 1) { 
            cout << "hello" << endl; 
        } 
    } 
} 

A. 1 C. n E. n2 

B. log n D. n log n F. Something else

N R(N)

1 1

4 1 + 2 + 4 = 7

7 1 + 2 + 4 = 7

8 1 + 2 + 4 + 8 = 15

27 1 + 2 + 4 + 8 + 16 = 31

185 … + 64 + 128 = 255

715 … + 256 + 512 = 1023





Things to remember
Sum of first N numbers: 

1 + 2 + 3 + 4 + … + N = N(N + 1) / 2 ∈ Θ(N2) 

Sum of the powers of 2 up to N: 

1 + 2 + 4 + 8 + … + N = 2N – 1 ∈ Θ(N)





True or false?
If f(n) ∈ O(n2) and g(n) ∈ O(n) are positive-valued functions, then 
f(n) / g(n) ∈ O(n). 

If f(n) ∈ Θ(n2) and g(n) ∈ Θ(n) are positive-valued functions, then 
f(n) / g(n) ∈ Θ(n).





Recursion
Find a simple f(N) such that the runtime R(N) ∈ Θ(f(N)). 

int recursive(int n) { 
    if (n <= 1) { 
        return 1; 
    } 
    return recursive(n - 1) + recursive(n - 1); 
} 

A. 1 C. n E. n2 

B. log n D. n log n F. 2n



Recurrence Relations
T(n) = 2T(n – 1) + 1



Solving recurrence relations

Substitution 
method

Recursion 
tree

Master 
Theorem



Substitution method
1. Guess the form of the solution 

2. Verify by induction 

3. Solve for constants



Substitution method
T(n) = 2T(n – 1) + 1





Recursion Tree
T(n) = T(n / 4) + T(n / 2) + n2









Master Theorem
Solve recurrences of the form T(n) = a T(n / b) + f(n) 

where a ≥ 1, b > 1 and f is asymptotically positive. 

If f(n) ∈ Θ(nc), then

Θ(nlogb a) if a > bc

T(n) = Θ(nc log n) if a = bc

Θ(nc) if a < bc





Recursion
Find a simple f(N) such that the runtime R(N) ∈ Θ(f(N)). 

int recursive(int n) { 
    if (n <= 1) { 
        return 1; 
    } 
    return recursive(n - 1) + recursive(n - 1); 
} 

A. 1 C. n E. n2 

B. log n D. n log n F. 2n





Find Sum
Given an integer sum and a sorted array numbers of N distinct 
integers, implement a function to find if there exist indices 
i and j such that numbers[i] + numbers[j] == x.  
bool findSum(const vector<int> &numbers, int sum) { 
    for (int i                                ) { 
        for (int j                                ) { 
            if (                              ) { 
                
            } 
        } 
    } 
    return 
}

Interview Question



Find Sum
Given an integer sum and a sorted array numbers of N distinct 
integers, implement a function to find if there exist indices 
i and j such that numbers[i] + numbers[j] == x.  
bool findSum(const vector<int> &numbers, int sum) { 
    for (int i = 0; i < numbers.size(); i += 1) { 
        for (int j = 0; j < numbers.size(); j += 1) { 
            if (numbers[i] + numbers[j] == sum) { 
                return true; 
            } 
        } 
    } 
    return false; 
}

Interview Question



Find Sum
Given an integer sum and a sorted array numbers of N distinct 
integers, implement a function to find if there exist indices 
i and j such that numbers[i] + numbers[j] == x.  
bool betterFindSum(const vector<int> &numbers, int sum); 

Implement a better, more efficient version of the algorithm.

Interview Question



break;





perf
Code profiling



perf
perf record -F 1000 --call-graph dwarf -e cycles:u ./program 

perf report



Sorting
Improving complexity



Sorting
Algorithm sort0(a[], N): 
for i=2 to N  
    j=i 
    while (j > 1) and (a[j - 1] > a[j])  
        swap a[j] and a[j - 1] 
        --j  

What is the growth complexity of this algorithm?
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Lab 2 Assignment
1. Purrfect 

Use the perf tool. 

2. Time to Sort 
Implement a sorting algorithm and use the time tool. 

3. Getting Classy 
Answer questions on classes and polymorphism. 

4. O(MG) 
Answer questions on asymptotics, recurrence relations.



merge
Implement merge, a function that combines the elements of 
two sorted vectors into a single vector and returns the result. 

vector<int> merge(const vector<int> &a, const vector<int> &b); 

For example, if a contains {1, 2, 4} and b contains {2, 3, 5}, 
merge should return a vector containing {1, 2, 2, 3, 4, 5}.



Q&A


