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Maxim Aleksa: EECS 281

Data Structures

By Maxim Aleksa

Algorithms This is a set of notes accompanying Maxim's section of EECS 281, Unviersity of

A Michigan's Data Structures and Algorithms course. All materials for the section,
symptotics
Including slides and code examples, can be found at maximal.io/eecs281.

C++
Xcode

Standard Template Library
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www-personal.umich.edu/~maximal/feedback

Feedback for Maxim

O hai! Please send me any feedback so that | can improve. Let me know if something is not
working well of if you have any suggestions. | also welcome positive feedback. Let me know if you
particularly liked something.

* Required

Course

() EECS183

() EECS 281

() Other:

Feedback *

Questions, comments, criticisms, concerns, ...



http://maximal.io/feedback

Boyer—-Moore majority vote algorithm

VES S

* Changes most to be a potential majority element.
* Returns true 1if most is a majority element,
* otherwise returns false.
x The .size() of the data vector must be at least 1.
*/
temp late <typename T>
nool mooresVoting(const vector<T> &data, T &most) {
// TODO
}



Binomial coefficient

Implement binomial, a function that computes the Binomial
coefficient of n and k.

binomial( n, k) :



Binomial coefficient

Implement binomial, a function that computes the
coefficient of n and k.

binomial( n, F

n n' n—1 n—1
(k)zkz(n—k)z =(k—1)+( : )

Binomial




ASymMpPtotics



Asymptotic complexity

Big O
O(f(n))

Big Omeqga
Q(f(n))

Big Theta
O(f(n))

Informal meaning

Order of growth is
less than or equal to

Order of growth is
greater than or

Order of growth is
fn)

@ equal to f(n)
Example family O(N?) Q(N?) O(N?)
N2/ 2 N2/ 2 N2/ 2
Family members 2N? + 1 2N? + 1 2N?Z + 1
log(N) el N2+ 183N + 5




Growth complexity

Order from most to least efficient:

O(n) O(n') O(nn) O(n?)



Growth complexity

Order from most to least efficient:

O(1) < O(ogn) c O(sart(n)) c O(n) c
O(nlogn) < OM?) < O?logn) C

OMn3) < O < 0O@B" c Oinh) c O(nn



Let R(N) be the runtime of this code as a function of N.

hasDuplicates( numbers[], size) A
( i=0; 1< size; 1 +=1) 1
( j =1+ 1; j <size; j += 1) {
(numbers[i] == numbers[j]) {
} ’
}
}
} ’
What is the order of growth of R(N)?
A. R(IN) € O(1). C. RIN) € ©O(N?).

B. R(N) € O(N). D. Something else




Let R(N) be the runtime of this code as a function of .

hasDuplicates( numbers|[], size) A
( i=0; i< size; i += 1) {
( j =1+ 1; j <size; j += 1) {
(numbers[i] == numbers[j]) {
} ’
}
s
} ’
What is the order of growth of R(N)?
A. R(IN) € O(1). C. R(IN) € O(N?).
B. R(N) € O(N). D Something else

depends o c‘r\bDLCF



Find a simple f(N) such that the runtime R(N) € O(f(N)) in the
WOrSst case.

hasDuplicates( numbers|[], size) {
( i =03 1< size; i += 1) {
( j =1+ 1; j < size; j += 1) {
(numbers[i] == numbers[j]) {
}
}
}



Find a simple f(N) such that the runtime R(N) € O(f(N)) in the
WOrst case.

hasDupllcates( - int numbers[], int size) { 71
for (int 1 = 0; i < size; i += 1) { A
for (int j =1+ 1; j < size; j += 1) { A
if (numbers[1] == numbers[j]) { ,/;?
¥

‘ >C,

\@+@+n -+ #BOQ

N+14 thi4d



Best, average, worst

Best case
Average case
Worst case

Always



Sordn
Best, average, worst o aves
Best case 1, &, 3, 4,5 alread’7 Sorted



Give the worst-case and best-case runtime in terms of N and M.
Assume that mysteryFunc executes in constant time and
returns a value of type int.

=N; 1i>0; 1i-—=1) {
i <M; j+=1) A
(mysteryFunc(i, j) > 0) {

’



Give the worst-case and best-case runtime in terms of N and M.
Assume that mysteryFunc executes in constant time and
returns a value of type int.

] = 0;
( i=N; 1i>0; 1i-=1) A
(; J <M; j+=1) A
7 (mysteryFunc(i, j) > 0) A
K} e hyreak oufr of inner \OOP
i
1 Besy cosge Q(N\




Find a simple f(N) such that the runtime R(N) € O(f(N)).
printHello( n) 1

( i=1: i<=n; ix=2) {
( ] =05 <1y § +=1) A
<< << .
}
}
}
A. C.n -, N

B. log n D.nlogn - Something else



Find a simple f(N) such that the runtime R(N) € O(f(N)).

printHello( n) A

0
( i=1: i<=n; i %= 2) { 1
( j=0; j<i; j 4= 1) A 2
cout << "hello" << endl: i 3
4
, :
6
} 7
12 3 456 7
A T C.n N2 .

B. log n D.nlog n .Something else



Find a simple f(N) such that the runtime R(N) € O(f(N)).

printHello( n) A

( i=1; i<=n; 1i%x=2) A N R(N)
( i =0; §J <1i; j +=1) {
<< << . 1 1
b 4 | +2+4=7
\ ; 7 1 +244=7
3 l+24+4+6=15
A1 C.n = N’ 27 |142+4+8+16=3]
B. log n D.nlogn - Something else 185 | ... +64+ 128 =255
/15 | ... +25064+512=1023




Find a simple f(N) such that the runtime R(N) € O(f(N)).

void printHello(int n) {

for (int i =1; i <= n; 1 *x=2) { N R(N)
for (int j =0; j < i; j += 1) {ZI\J
cout << "hello" << endl: L ] 1 1
\ ¥ 4 | 4 1 +2+4=7
! < 4| 7 1+24+4=7
3 1+2+4+8=15

2 6
A. @ E. N’ 729 5Y| 27 [1+2+4+8+16=3]

B.logn  D.nlogn  F Something|€se 370 185 | ... + 64+ 128 = 255

25 1420 /15 ...+ 256+ 512=1023




Things to rememper

Sum of first N numbers:

14+2+3+4+...+N=NIN+1)/2e O(N?)

Sum of the powers of 2 up to N:

1+24+4+8+ ...+ N=2N-1 € O(N)



Things to remember

Sum of first N numbers:

1+2+3+4+ ...+ N=NIN+1)/2 e O(N?)

Sum of &2 powers of 2: wy o N
1+2+4+8+...+N=2N-1€ O(N)

Su\m t(P _C\’(gf} N GDQU._)Q/('S 0’9 Q
R e A - o4l ’:OQN-—l



True or false?

T 1(n) € O(n2) and g(n) € O(n) are positive-valued functions, then
f(n) / g(n) € O(n).

T 1(n) € ©(n?%) and g(n) € ©(n) are positive-valued functions, then
f(n) / g(n) € ©(n).



True or false?

f f(n) € O(n%) and g(n) € O(n) are positive-valued functions, then
f(n) / g(n) € O(n).

( n) - - Y (r)
It f(n) € ©(n?) and g(n) € @02 ) are posnKﬂe -valued functions, then
f(n) / g(n) € O(n) -



Recursion

Find a simple f(N) such that the runtime R(N) € O(f(N)).

recursive( n) 1
(n <= 1) {
1;
+
recursive(n = 1) + recursive(n - 1);
+
AN C.n - N?
B. log n D.nlog n - 20




Recurrence Relations
In=2n-1)+1



Solving recurrence relations




Substitution methoo

1. Guess the form of the solution
2. Verity by induction

3. Solve for constants



Substitution methoo

InN)=2In-1)+ 1



Substitution method

T(1) =1 n
Tn)=2T(n-1)+ Guess kh - b1
PR
DasSe  CGSe N =4 _r(ﬁ\.\’: 15k
=2k -b
True when ‘/\Q 2 bsy &
3: d\ '\”.\J( L ’,\ E -C &)
e UNAy STeyp ! SSuwme ue Lor _A oo, Lo
T(n)= 2 (n-4) 44 . ;S q

<% (kA" b)aa




Recursion lree

In)=1n/4)+T(n/2)+ n?



Recursion lree

InN=Tn/4)+1T(n/2) + n?

—_ _ \ng\
L (n) = PR
(%)  T(5



Recursion |ree

InN=Tn/4)+Tn/2) + n?

\f\l T Y\L
n { \r\ L n% N
(%) (3) i o
P SN
f‘ z o —V—\-l 4 Z S
/(‘53\ (?)> (?) (a\



Recursion lree
InN=Tn/4) +T(n/2)+ n?

\+-\f~¥‘§"~\'l"‘\’...:9\

> U l%



Master Theorem

Solve recurrences of the form T(n) =a T(n / b) + f(n)

where g > 1,b > 1 and fis asymptotically positive.
f f(n) € O(n°), then

©(n'eg, a) if a > bc
T(n) = O(nclogn) ifa=bc

©(n°) if a < be



solem S
£ swopT

» ot o
Master Theorem , et

Solve recurrences of the form T(n) =a T(n / b) + f(n)

wherea > 1,0 > 1 and fis asymptotically positive.

- 5

e — OO
f An) € O(n), then R gis >0 for large n

@(n’O@a) if a> bc case A
T(n) = O(nclog n) if a = b¢ Case &L

O(ne) if a < b cosSe 3



Recursion

Find a simple f(N) such that the runtime R(N) € O(f(N)).

recursive( n) 1
(n <= 1) {
1;
+
recursive(n = 1) + recursive(n - 1);
+
AN C.n - N?
B. log n D.nlog n - 20




Recursion

Find a simple f(N) such that the runtime R(N) € O(f(N)).

recursive n) {
(n <= 1) {
1;
s
recursive(n — 1) + recursive(n - 1);
s
A. T C.n E. N?

B. log n D.nlogn @



|:| n d S u m Interview Question

Given an integer sum and a sorted array numbers of N distinct
integers, implement a function to find if there exist indices

1 and j such that numbers[i] + numbers[j] == x.
findSum( <int> &numbers, sum) {

( il ) 1

( ] ) 1
( ) 1

}

}

}



|:| n d S u m Interview Question

Given an integer sum and a sorted array numbers of N distinct
integers, implement a function to find if there exist indices

1 and j such that numbers[i] + numbers[j] == x.

findSum( <int> &numbers, sum) {
( i =0; 1 < numbers. (); i += 1) {
( j = 0; j < numbers. (); §j += 1) {
(numbers[i] + numbers[j] == sum) {

n
’



Find Sum  Interview Question

Given an integer sum and a sorted array numbers of N distinct
integers, implement a function to find if there exist indices

1 and j such that numbers[i] + numbers[j] == x.

hool betterFindSum(const vector<int> &numbers, nt sum);

Implement a better, more efficient version of the algorithm.
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pert
Code profiling



pert

perf record -F 1000 ——call—-graph dwarf —-e cycles:u ./program

perf report

Samples: 4K of event

Children Self
. 00%
. 00%
. 00%

O WOeee

. 00%

0.00%

+ + + + + + + + +

'cpu-clock:u', Event count (approx.): 4727000000
Command Shared Object

ship
ship
ship
ship
Nip
Nip
Nip
Nip
ship

v unu o,

ship

libc-2.17.s0

ship

ship

ship
libstdc++.50.6.0.21
ship
libstdc++.50.6.0.21
libstdc++.50.6.0.21

Symbol

[.] main
[.] __libc_start_main

[&] =] =]
l hed B 2 B 2 bed

[.] _start
.] Grid::read
.] Router::Router

std::istream::_M_extract<unsigned long>
Router: : route

std: :operator>><char, std::char_traits<char> >
std::istream::sentry::sentry



S0rting

Improving complexity



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

What is the growth complexity of this algorithm?



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]
—

unsorted

SO ¥ v
v
A M A

> € ¢




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

SO ¥ v
v
A M A

unsorted

> € ¢




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

SO ¥ v
v
A M A

unsorted

> € ¢




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

SO ¥ v
v
A M A

unsorted

> € ¢




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted

v T I
4
Y LY

> € ¢




S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted

v
o
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted
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S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

unsorted
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S0rting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

3
¥
o



S0rting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

3
¥
o



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

What is the growth complexity of this algorithm?



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)



S0orting

Algorithm sort@(al[]l, N):
for 1=2 to N
]=1
while (j > 1) and (alj - 1] > aljl)
swap aljl and alj - 1]

—)

0O N O U1 B W N =

123456 7 8
)



| N 39, 39
SOrtlng sort 22X5L o0 v 51

while (j > 1) and (alj - 1] > aljl)
swap aljl and al[j - 1]

—J
. L ;w 123456738
N = 6[’[ )1\‘-52 ol OOM\OG.'HSOVIS — Ry j

A VL N2
;)\QL(g C_,Q/VW]OOUV'\\SO(‘S ('&) +(E>+M

2
eyah 3
Algorithm sorto@(all, N?: j o4 g-{éq‘/’;\
for 1=2 to N q'a,\S’, X
5
;
;
:

o~
o,



S0rting




S0rting







[ ab 2 Assignment

1. Purrfect
Use the perf tool.

2. Time to Sort
Implement a sorting algorithm and use the time tool.

3. Getting Classy
Answer questions on classes and polymorpnism.

4. OMG)
Answer questions on asymptotics, recurrence relations.



merge

Implement merge, a function that combines the elements of
two sorted vectors into a single vector and returns the result.

vector<int> merge( vector<int> &a, vector<int> &b);

For example, if a contains {1, 2, 4} and b contains {2, 3, 5},
merge should return a vector containing {1, 2, 2, 3, 4, 5}



Q&A



